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All the parameters used in this document have already been introduced
in the corresponding blog post, except Tx and Ty which are respectively the
reaction force respectively on the x and y axis.

1 System dynamics

Newton’s Second Law on the pole:

mpẍG = Tx (1)

mpÿG = Ty −mpg (2)

Angular moment theorem on the pole:

Iθ̈ = l − (Tx cos θ + Ty sin θ) (3)

Newton’s Second Law on the cart:

mcẍ = F − Tx (4)

1.1 Kinematics relationships

Coordinates of the gravity center of the pole are:

• xG = x− l sin θ

• yG = l cos θ

We differentiate them to get velocities:

• ẋG = ẋ− lθ̇ cos θ

• ẏG = −lθ̇ sin θ

We differentiate them again to get accelerations:

ẍG = ẍ− lθ̈ cos θ + lθ̇2 sin θ (5)

ÿG = −lθ̈ sin θ − lθ̇2 cos θ (6)
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Injecting (5) into (1) and (6) into (2), we have:

Tx = mp(ẍ− lθ̈ cos θ + lθ̇2 sin θ) (7)

Ty = mp(g − lθ̈ sin θ − lθ̇2 cos θ) (8)

Then we replace Tx and Ty in (3):

θ̈ =
lmp

I + l2mp
(ẍ cos θ + g sin θ) (9)

As the solid is a pole, we have: I =
mpl

2

3 . Thus:

θ̈ =
3

4l
(ẍ cos θ + g sin θ) (10)

On the other side, injecting (7) into (4), we have:

mcẍ = F −mp(ẍ− lθ̈ cos θ + lθ̇2 sin θ) (11)

ẍ =
1

mc +mp

(
F +mplθ̈ cos θ −mplθ̇

2 sin θ
)

(12)
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